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1 More Details on the Economy with Incomplete Mar-

kets

1.1 Household Budget Constraint

The nominal budget constraints for the representative household in country n are
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where B, ; are loans extended to entrepreneurs. Let us consider the case with incomplete

markets, so that the term I.,m, = 0. Let country n’s net foreign asset position denoted in
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the reserve currency at time ¢ be Sy, so that Sy, + Foy = Onis where S,,; are country n’s

total bond holdings valued in domestic currency (see below). Then,
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Inserting the government budget constraint
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so that the budget constraint simplifies to
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To simplify this expression further, we set up the budget constraint for entrepreneurs:
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Inserting this into the household budget constraint gives
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In equilibrium, Sy, = 0, so that
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1.2 Steady-State Bond Holdings

In steady state, P, = p, = E, = 1. Using NX,, = @, — Y, we have
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1.3 Uncovered Interest Rate Parity

To analyze dynamics in a country’s net foreign asset position, we would need to know
the currency composition of that net foreign asset position because the currency composition
determines how exchange rates fluctuatuations translate into valuation effects. We lack data

on the currency composition of countries’ net foreign asset position and therefore assume



that net foreign assets are proportional to a country’s net export position. That is, we
assume a clearing house For example, if France’s overall net exports are -6% of its domestic
absorption, but they are 2% vis-a-vis the US and -10% vis-a-vis Germany; then France’s
net foreign assets are composed of 3 *2% of US (USD) bonds and —%*10% of German
(Euro) bonds.! Let country n’s total net foreign asset position denoted at time t be S*

n,t?
so that S" + 2t

n,t

= Shn.t, where S, ; are country n’s total bond holdings valued in domestic
currency, and Ey, , is country n’s effective exchange rate weighted by its bilateral net export
positions.

We now also explicitly introduce a penalty term that represents a small costs on holding
claims on other countries. This ensures that the resulting equilibrium is stationary. We
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Then, the budget constraints for the representative household in country n are

model this cost using a quadratic function 2Y*
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The Euler equations associated with the non-contingent nominal bonds S, ; and S,J;t require
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where here, A\ denotes the Lagrange multiplier on the budget constraint (not the leverage

ratio of the entrepreneurs). The log-linearized equations are
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'If net exports are zero in steady state, then net foreign assets do not move up to a first-order approxi-
mation.



Inserting the domestic Euler equation into the international Euler equation to replace S\W:
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where AE), 111 = Ey 41 — £, . This uncovered interest rate parity can be rewritten

BAint — Tnp1 + Enpr1 — €t + L?ns;;,t = BALj — Tjes1 + €41 — Ejp.
n

Note that we normalize e;;, = 1 for all periods.



2 Steady State

We solve the model in a neighborhood of a non-stochastic steady state with zero inflation.
Because inflation is zero, the Euler equations associated with the uncontingent nominal bonds
imply that the nominal interest rate is 1 +4,, = % for all n. Next, we use the entrepreneurs’
first-order condition for capital,
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Note that the households’ first-order condition for investment,
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implies that p, = P, because f = f' = 0 in steady state. Inserting this back into the

entrepreneurs’ first-order condition for capital and noting that a(u,) = 0 and wu,, = 1 gives
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where we have defined the steady state interest rate spreads F,, = F,, (\) . Below we calibrate

these spreads to match their observable counterparts. Once we have calibrated F),, the

equation above determines the real rental price of capital r, = R, /P, in each country.
With zero inflation, the steady state price of intermediates is a constant markup over the

nominal marginal cost,
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This can be seen from the reset equation and the law of motion for the nominal price of the

DPn = MC,.

intermediate good.



Next, cost minimization of the first-stage producers implies
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We adjust the technology levels Z,, so that all intermediate goods prices equal the price of
the respective final good: p, = P,.

Then, the price index formula for the final good states
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One can easily verify that P,FE, = 1 solves this equation, that is the real exchange rate
e, = P,E, is unity.?

We directly calibrate some steady-state variables to match their empirical counterparts.

. . N.Y:
Those are the shares of government purchases, Gy, the relative country sizes, 15+ and the

bilateral import shares % We now derive the shares of the remaining variables, NX,,, C,
and X,,.
To derive the share of net exports, we first use the demand equation for intermediate
goods,
-
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It follows that w’ is country n’s import share of country j’s good, measured in terms of the

2We can also set e,, = % for any constant ¢ > 0.



final good Y,,:
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It is also useful to define import shares in terms of domestic absorption, P,Y,r = P,Y, +
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The implied net export share can then be expressed in terms of country sizes and the im-
port preference parameters. Inserting the market clearing condition for (),, into the definition

of net exports, NX,, = p,Q, — P, Y, r, we have!
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To derive the share of investment, we insert the marginal product of capital equation,

Pn@n = Ya_ Ry K, into the definition of net exports, NX,, = p,Q, — P, Y, r:
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3Remember that P, = p, in steady state.
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where X,, = 0K,.

Finally, the consumption share is the residual of the market clearing condition Y, 7 =

C,+ X, +G,:

To summarize, we solve for the steady state values as follows:

(2.4)

. Calibrate the tax rate 7%, the risk premium F}, and the government expenditure share

YG" to their counterparts in the data.
n,T

. Solve for the real rental price r, using equation (2.1).

. Calibrate the import preference parameters WiT using data on country j’s share of

country n’s imports, and calibrate the relative size of countries in terms of their do-
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nin,

NXn
Yn,T

using equation (2.2), the investment share
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4. Solve for the net export share

using equation (2.3) and the consumption share using equation (2.4)
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5. Solve for the parameters w? and v,, using data on bilateral trade data on total trade
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3 Log-Linearized Equilibrium Conditions

3.1 Equilibrium Conditions

1. Domestic Euler equation

Ul n,t U
. “imtr ; L1t 1,n,t+1
(0P, = (i) 2 8 a5 p
nt/ < it st+1 nt+1)4nt+1
C C
A ) T = 0 U AT”vt B AT",t"Fl
6 Zn,t - 7Tn,t+1 = Uint — Ulnit+l —
147,
Then,
Y, v, G
e
n,T )/n,T
wn — WZ,G — Un Yn,T — UnGn UnGn
n,T 1— Un Yn,T Yn,T
o WZ,G — Un (1 WZG —Un\ v,G,
= 1— Un 1— Un Yn,T
v, G
(I—vp)wpr=wrg—vn+ (Il-w)g) ——
Yn,T
Gn
|:1_WZ,T_(1_WZG)Y Un =WpGg — Wn,T
n, T’
1 —wng Gn 1 -—whe
1- wz T Yn,T " 1-— wﬁ_T
1-— mg
Up =
G Gn
1 o mn Yn,T
And then

n
n G]' wnyT
w,=1-—m,
1—wv,
n
n 1- Wn.T
wr=1-—nl
n 1 —v Gy
Y, T

10



Wn,t) 6

2. Wage Phillips curve (w,; = P
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5The reset equation and law of motion for the nominal price in log-linearized form:

Wn,t = ean,tfl + (1 - ew)m*

n,t
~ — 0,5 - ATE, ATSt ~
w
* = U U P s s 0 *
Wy, ¢ I+ 1/:; ont —Utnt+ Pnt+ 1L + 15+ + wﬁwn7t+1

Solving the reset equation for w;, ,
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3. Capital Euler equation”
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4. Price of capital®
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7. Real marginal costs
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8. FOC wrt yf;’t
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11. Market clearing for intermediate goods!®

Z %H-Un n,t
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13. Phillips curve 12
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14. Monetary Policy

12First, derive the log-linearized form of the reset equation:
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e Floating exchange rate:
Bins = 9 ine-1+ (1= 6,) (00t + bofine + chy)

e Fixed exchange rate:

— Leader n:

Bing = 681+ (1= 0) D weight; (9@ + das + )

jecu

where weight; is the share of (); in the gdp of the currency union.

— Follower j:

A\Elj’t == A\Eln,t
15. International Euler equation

e Complete markets

Ul,n,t = €Ent

e Incomplete markets (Uncovered interest rate parity)

0= €1t

*

: - - ~ : - ~ - 1 &
Bling = Tnpe1 + Enerr = Ene = BD1e — Tigpn + €rppn — Ere Heg-S1y. for n>1
1

16. Definition of change in nominal exchange rate

AEn,t - (én,t - én,t—l) - 7~Tn,t

17. Definition of Terms of Trade

—_

o Pnt Pnit—1
ToTn, = =2 ) — (=2
¢ ! (Pn,t) <Pn,t—1>
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18. Definition of wage inflation
cw - ~ ~
Wn,t = Tngt + Wn,t — Wpt—1

19. Law of motion for net worth of entrepreneurs

NWn,t = Fﬂ {Kn,t—l [(1 - Trlf)un,tR]::,,t + :un,t(l - 5(1 - TnK)) - Pn,ta (un,t)] - (1 + Z‘n,t—l)Fn,t—lBrez,t—l}

AT p K\, ky =k B K /:u'_:z_t/ . - Aspp, 1
nt=—(1— An — (1 —=0(1— An =) = (A = 1) | Al o1 — _
NW )t Fn( T )Tn Tn,t + Fn( ( Th )) ant ( ) ? ,t—1 Tt + Fn
P t—1 NTTL
— M| =——— | + NW, 4
<Pn,t—l> ot
20. Leverage of entrepreneurs
N, — :un,tKn,tJrl
" BN WL,
~ M R ~ —_—
>\n,t - (L) + Kn,t-{-l - NWn,t
n,t
13Dividing through by P, gives
Fn K ko, Pt K 14 int—1 Hop t—1
NWn,ti = n,t—1 (1 —Tpn )un,trn t + 7(1 - 6(1 — Ty )) —a (un,t) - Fn,tfl Kn,tfl - NWn,tfl
B ’ Pn,t Tn,t Pn,t—l
Log-linearizing gives
Py = Fn Fn o ~ n,
NW2ANW, = —= - 2 ) Ko Knyq + (1=K ekt 4+ (1 -1 - 5)K, Pt
B g B ’ Pt
Fn . ~ - Fn Pt — Fn NTTI/
(K = NW) 2 (Bins =k P ) = 2 Ko ( Pﬁ::) +FNWNW
. LB o
NW o = o (1= 7 )bl o+ 21— 81— T, o
- ()‘n - 1) (Ain,t—l - 7~1~-t + Fn,t—l) - An (Mn,t_l> + Wmt—l
Pn,tfl

where we used that u, =1,a'(1) = (1—7E)0k p=P r=1,1+i= % and (1—75)yrk +1-6(1-7K) = %
in steady state.
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21. Definition of investment
5Xn,t - Kn,t-{—l - (]- - 6)[~(n,t
22. Definition of interest rate spread

SPpnt = F()\n,t)eeit -1
Aspn,t = Fn (Fej\n,t + Aes,t)

23. Marginal utility of consumption!? With separable:

- 1.
ULn,t _Cn,t
14 Separable preferences:
1
Ul,n,t cn,g
. 1.
Ul,n t — **Cn,t
o
GHH preferences:
1 A
Un,t = 1 1 Cn,t Hnlni,tl
I
(Uln,t) *Cnt_ﬁnlitl
n
. c, . L, ( 1\ .
O'UL t — t+ — —Kn L ¢
n (Ul,n) g tn (Ulm) P niin n
14+
- Cn ~ Cn KfnLn Qn Yn

rh o o Wa 1ok vl
1+7¢ P, 14+7¢ Y, Ln
so that .
1+ 1
linL7l+" _1_7—5(1 )l/Jq—l
Q?’L 1"’75 11[}q
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with GHH:

with CD:

- (1—1> o1 — o)t Tn Ya 1O
o
Also:

Ch Ch
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n Cn _ K)n 1+’}]
141 -1
— |1 1 Y, knLn " Qn
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. -1
_ 1_1—01177'”1/)(1—1&%
1+ 3147 ¥, CuYa
Cobb-Douglas preferences:

(1-1)k-1
Ul,n,t =KCpy 7

(1— Ln}t)(l_“)(l_%)

~ 1
Ul,n,t = |:<1 — U) KR — 1:| En,t —

Labor supply in steady state is

n 1 -
S USDE

)Ln,t
1-— n 1—7L -1Q,
Kc—:(lfa) Tn Y4 = 1Qn
k L 14+75 o, Ly
L, K 1_Tﬁwq_1QnYn
= (1-a) — =
1-L, 1-—k& 1+7¢ v, Yo Cp
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24. Marginal rate of substitution!®

With GHH:

With CD:

(1-a)

U2,n,t - Ul,n,t = Cnt —
1—k

25. Hand-to-Mouth consumers!®

Cn,t = (1 - X)Cn,t + sztm (Yn,t + UnGn,t>
1 ~ X 1

Cn’t:ﬁ wt 1—xY,+v,G,
I5GHH preferences: )
Usni = */‘ian,tUlh,n,r
And log-linearizing gives .

U2,n,t - Ul,n,t = 5Ln,t

Cobb-Douglas preferences:
1—Kk cpt

U. =— U
2,n,t 1— Ln,t 1,n,t
And log-linearizing gives
. - } L, -
U2,n,t - Ul,n,t =Cnit — ﬁLn,t

16We define hand-to-mouth consumption as

htm __ htm
Cn,t 7m'n, Yn,t,

with m/*™ = C,,/Y,, in steady state.

n

21

K Y, —

<Yn}7n,t + Unp Gn Gn,t)
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26. Budget constraint (for incomplete market case)'’

ASLi
Y
> @n (ﬁ) ~ S3 ( : 1-B/~ 1AS:, ., ASE,
Yo —5— — )t Wne | = S Al‘7+7(E:—€n) + : — - for n>1
! Yn Pn,t Q ! ;z Yn pt /8 M ! /B Yn,t—l Yn,t

I"Note that the quadratic penalty term on foreign bond holdings does not affect the log-linearized solution
to the budget constraint. The full household budget constraint with incomplete markets is

S*

ot [Cnt + X + (1= 0) py, (Kt + Bt + En’t
n,t
14+14_4)Sk_
= /J'n,tKn,t—i-l + Wn,th,t + Hiﬂf + Hz,t + (1 + 7;t—l)P’(An,t—l)€E§’t_1Bn,t—l + M — In,t,

En
where B, ; are loans extended to domestic entrepreneurs. Use
Tot=Gny
Cont +Xnt+ G +alun ) Kne =Y
WheLn + Hfb,t = Pn,iQnyt — Bnttn 1 Ky
to rewrite the budget constraint as

(1+i7 )55 N Sht
En,t En,t

. eF
= it Knppr + 15, + (L4 d-1) F(Ang—1)e 1By y—1 — Bpy.

Pn,tYn,t - Pn,ta(un,t)Kn,t + Rn,tun,tKn,t+ (]- - 5) Mn,tKn,t - pn,th,t -

For entrepreneurs, the budget constraint is
. EF
fn ¢ Konpgr H I+ (1 d1) F(Apg—1)e =1 By 1 = Ry ptin ¢ K ¢ — Prga(tn ) Kne 4 (1= 6) pty, Kt + B g

Inserting this into the households’ budget constraint gives

I+ )Sn-1 Shs

Pn,tYn,t - pn,th,t =

En,t En,t ’
Collecting terms and dividing by P, ; gives
Dnt (L4147 1)Sh 1= Sns
Ymt - Pn Qn,t = b = )
n,t En,t

which can be log-linearized to

> Qn Dnt =~ Sy 1AS’:’<Lt—1 AS;;t Spl1—p3.
Yoo — 22 | (2L nt | = ZAG_ Fp—imr ot Pno _Pa
* Yn Pn,t * Q ot Yn Zt ! * 5 Yn,tfl Yn,t Yn ﬁ ¢ ot

Finally, we assume that net foreign asset positions are proportional to net export positions:

S Qu (p?f) - Sj( . =B LASE, | AS:,
T 2 ((22) 4G ) = 50 (miys o+ 122 (80— ) ) 2 2000 B0
ot Yn Pn,t Q ! ; Yn gt ﬂ ot ! ﬂ Yn,t—l }/n,t

where we used the definition of 47_y = 3., Ej+(1 —|—2§',t_1).



3.2 Redundant Variables

1. Nominal net exports (in percent of steady-state GDP)

NXn,t = Pnjt (Qn,t - UnGn,t) - Pn,tYn,t
ANXn,t = (Qn - UnGn)ﬁn,t + Qn@n,t - UnGnén,t - Yn (pn,t + Y/n,t>

ANXn,t . UnGn - ~ UnGn =, Yn ¥ >
S = (15 et Q= 6= G (e P

2. Change in real effective exchange rate

al (&
2 : n
€ent = Shn,j;
j=1 J

N
Aévem = Aén,t — E SthAéj’t

J=1

1 Ny + Ny
2 Ny (Yn+vnGn)

where sh,, ; = ( ) is the average trade weight.

3. Change in nominal effective exchange rate
N
Ey,
EE., =) shn,jE
N

j=1

AE\E/'mt = AEn,t - Z Shn,jAEN'Lt

j=1

4. Price index of good purchased by government

24



5. Primary balance (in percent of steady-state GDP)

_ . C L K G
PBn,t - Tn,tPn,tCn,t + Tthn,th,t + Tmtun,tRn,tKn,t - Pthn,t

APBn,t — TgCn (%S’t + pn,t + C~’n,t> + Tﬁwn[/n (%f;,t + Wn,t + zn,t)
+ TKK [unrn (f-f,t + kn,t) + UnTn <an,t + En,t>i| - Gn (pyft + én,t)

APB,,, e Ch ( 7+ C’n t) 4 7L L Wl <7~'7Lm + Wy + zn,t) — ngp én,t

GDP, ' "GDP, "GDP,

K, N N
ffGDP |:un7'n < nt + Kn t) + UnTn (un,t + rn,t)]

+ 7

6. Static primary balance (in percent of steady-state GDP)

APBY' o Cu o
GDP, ~ '"GDP,

3.3 Combining Log-Linearized Equations

Production of the final good (10) Inserting the FOC wrt yi,t

—~—

1 /-~ s )
(Z;t) +6]t ent = w_ (Yn,t _yfz,t) v.]
7t

into the Production of the final good (10)

gives

—_—

O_Zuﬂ ((p”> + 80— t)

18We simplify by setting PB,, = 0, so that nominal price changes drop out.
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Market clearing for intermediate good (11) Inserting the FOC wrt y7,

Pt . . 1 <~ >
nit =i =— (V; Y
(Pn,t) +ent — €t = 77% th n

into the Market clearing for intermediate good (11)

Q” NJ)/J ns~n UTLGTL ~
Qnt — Nnanj yj,t + Yn Gn,t
gives
QnQ Gné B N Nj}/} " Y/ w <pn,t> 4+ 8 :
n,t n,t — § N v Vi it > n,t — Gt
Yn ’ ]: NnYn J Js Yy Pn7t ’ 75

Phillips curve (13) Inserting the Real marginal costs (7)

n%i,t = _Zi,t + Oé?zi,t + (1 — Oé)@i’t

and the Definition of Terms of Trade (17)

P e

T Dit Dit—1
Tol;, = [ 2L ) — [ £
ot (Pi,) (P,,t_l)

into the Phillips curve (13)

P

0, (fm + TT)“Tt) —(1-0,)(1—6,8) [mz:t - (fjt>

+ 0,8 (ﬁi,tﬂ + TOTi,tJrl)

it

gives

—_~— —_—~—

O (m,t—(ﬁﬁ_m = (1=0,) (10,8 (= Zig + a7k, + (1 - @), ) - (1+925)(
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Monetary policy (14) Inserting the Definition of change in nominal exchange rate (16)

AE;; = (€ — €ip1) — Tig
into the monetary policy rule for followers under fixed exchange rates (14)
EE]‘J - EEi,t

gives

(éj,t - éj,t—l) - 7~Tj,t = (éi,t - éi,t—l) - 7~Ti,t
Wage Phillips curve (2) Inserting the Definition of wage inflation

wo_ o~ ~ ~
7rn,t = Tnt + wn,t - wn,t—l

into the Wage Phillips curve (2)

w ~ ~ AT{;t AT% B v
Qwﬂ't = (1 — Qw)(l — ewﬁ) Ugm’t — Ul,n,t + 1 7_1% 1+ Tg — Wpe| + ewﬂﬂ'tJd
gives
ATit ATﬁt

Qw (ﬁn,t - ajn,t—l) - (]- - 910)(1 - 0wﬁ) &Q,n,t - ﬁl,n,t + - (1 + ‘9121;5) {Dn,t

1—7L  147¢

+ 008 (Tpag1 + Wnpy1)

Capital Euler equation (3) Inserting the Definition of the Leverage of entrepreneurs

(20)

—_—

Xn,t = (@) + Rn,t - W?’L,t
Pn,t

into the Definition of interest rate spread (22)

ASpn,t
Fy

= Fef)\\/n’t + A(fit

27



gives

—~——

Aspn, :un, o NTTT
Fn t — .Fe ((ﬁ;) + Kn,t — NWn,t> + Aﬁit.

Inserting this into the Capital Euler equation (3)

—_— —_—

e

N S Aspag [ Hn fin
(L =7 ) g — (rn — 5)A771L(,t+1) = Bin1—Tp 41+ I L4 (P—t> —Fﬁ(l—é(l—n}f)) (i1
n n,t

e~ —

Fﬁ ((1 — Tf)rnfn,t—‘rl — (Tn — 5)AT7I’L(¢+1) = ﬁAin,t — ’fme_l + F16 <(@) + Kn,t — Wn,t) + Aeit

Pn,t

Mo ¢ ﬁ K (:unt—l-l)

+ (2L ) -1 -1 — 7Ky [ ).
(Pn,t) Fn( ( D Pn,t+1

Law of motion for net worth of entrepreneurs (19) Similarly, inserting the expression

for the spread into the Law of motion for net worth of entrepreneurs (19)

o g P . _ Asp,,
NWp, = Fﬁnu — TV + Fﬁnu —5(1 =75\, (ﬁ) (1) (Alm_l A+ Fn,t 1>
Nn t—1 ATy
- /\n : NWn —
(Pn,t—l) * 4l
gives
W“ = ﬁ(l - TK)TZAant + ﬁ(l —4(1 - 75)))% R (A — 1) (Adp 1 — 7y)
’ Fn , Fn Pn,t ’

e~ —

- ()\n - ]—) Fe Iumt_l + f(n t—1 — Wn t—1 + Aequt—l - >‘n Iun’t_l + ]/V\Wn t—1
Pn,t—l ' ' ’ Pn,t—l ,
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